Abstract. This paper provides a survey for the latest developments in the theory of affine q-Schur algebras and Schur-Weyl duality between affine quantum gl n and affine type A Hecke algebras. More precisely, we will establish, on the one side, an isomorphism between the double Ringel-Hall algebra D△(n) of a cyclic quiver △(n) and the quantum loop algebra of gl n , and establish, on the other side, explicit epimorphisms from the double Ringel-Hall algebra to affine q-Schur algebras S△(n, r). Then, by two commuting actions on an affine tensor space, we will establish, for n r, a category equivalence between representations of affine q-Schur algebras and representations of affine Hecke algebras. In this way, we describe two classification theorems for simple representations of affine q-Schur algebras over C when the parameter q is not a root of unity. Further structures of affine q-Schur algebras will also be discussed as applications of the epimorphisms mentioned above.
Introduction
It is well known that Schur algebras or their quantum analogue-q-Schur algebras-are a class of finite dimensional algebras which play an important role in the theory of Schur-Weyl duality. This theory links representations of the general or quantum linear group with those of the symmetric group or the associated Hecke algebra. Over its history of more than one hundred years, it continues to make profound influences in several areas of mathematics such as Lie theory, representation theory, invariant theory, combinatorics, etc. Recent new developments include, e.g., walled Brauer algebras and rational q-Schur algebras arising from quantum gl n actions on mixed tensor spaces [11] , quantum Schur superalgebras [16] , quiver Schur algebras [37] , and integral Schur-Weyl duality for type C [32] , and so on. This paper provides a survey for the latest work [8] by Deng, Fu, and the author in the study of affine q-Schur algebras and Schur-Weyl duality between affine quantum gl n and affine type A Hecke algebras.
The introduction of the affine analogue of q-Schur algebras was given by Ginzburg-Vasserot [20] in 1993 as a generalization of the geometric approach to q-Schur algebras developed by Beilinson-Lusztig-MacPherson [2] . Later, in 1999, 2010 Mathematics Subject Classification. Primary 17B37, 20G43, 20C08; Secondary 16G20, 16T20.
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several other versions have appeared in [29] , [38] (see also [22] for another definition). Independently, representations of affine Hecke algebras H △ (r) C when the parameter q is not a root of unity have been investigated much earlier by Zelevinsky [42] in 1983 and Rogawski [35] in 1985. On the other hand, besides the standard representation theory of quantum groups (associated with symmetrizable Cartan matrices) as developed in [28] , there is, in the affine type case, a so-called pseudohighest weight module theory developed by Chari-Pressley around 1994 and its generalization to affine quantum gl n (or more precisely the quantum loop algebra of gl n ) by Frenkel-Mukhin [17] . Though some connections under the assumption n > r (resp., n r) between representations of U C ( sl n ) (resp., U C ( gl n )) and H △ (r) C were observed in [6] (resp., [19] ), it was unclear until the work [8] how the affine qSchur algebra S △ (n, r) C plays a bridging role between affine quantum gl n and affine Hecke algebras:
In this paper, we will present this bridging relation through a discussion on the structures and representations of affine q-Schur algebras.
To build this bridging relation, we need a U C ( gl n )-H △ (r) C -bimodule structure on the affine tensor space Ω ⊗r C . Using the geometric description of the Hall algebra H △ (n) C of a cyclic quiver △(n), Varagnolo-Vasserot have already investigated an H △ (n) op C -H △ (r) C -bimodule structure on Ω ⊗r C . Motivated by works of Schiffmann [36] and Hubery [24] , we introduced the double Ringel-Hall algebra D △,C (n) together with a Drinfeld-Jimbo type presentation involving Chevalley and (infinitely many) central generators. Thus, the quantum affine sl n is the subalgebra generated by the Chevalley generators. By extending an isomorphism of Beck [1] between the quantum affine sl n of Drinfeld-Jimbo type and the quantum loop algebra of sl n with Drinfeld's new presentation [13] , we obtain a Hopf algebra isomorphism between D △,C (n) and U C ( gl n ) (see Theorem 2.6). In this way, the natural action of D △,C (n) on the affine tensor space Ω ⊗r C , which extends the action of Varagnolo-Vasserot, gives rise to an action of U C ( gl n ) on Ω ⊗r C and, hence, a U C ( gl n )-H △ (r) C -bimodule structure on Ω ⊗r C . The double Ringel-Hall algebra has naturally a triangular decomposition with the ±-parts isomorphic to the Hall algebra. Thus, by an analysis of a spanning set of Beilinson-Lusztig-MacPherson (BLM) type for affine q-Schur algebras, we managed to establish explicitly an epimorphism from the double Ringel-Hall algebra to affine q-Schur algebras. In this way, the structures of affine q-Schur algebras are nicely presented through its triangular decomposition, integral bases, central subalgebras, and generators/relations (for n r). These material will form the first part of the paper. We will also mention a few conjectures at the end of Part 1 regarding Lusztig type forms, BLM type realization for the double Ringel-Hall algebra, and the second centralizer property in the affine quantum Schur-Weyl reciprocity.
Part 2 of the paper discusses the bridging relation between the representations. When the parameter is not a complex root of 1, two classifications for irreducible representations of affine q-Schur algebras will be determined. As mentioned above, they arise from the corresponding classifications for affine Hecke algebras H △ (r) C in terms of multisegments and for quantum loop algebras U C ( gl n ) in terms of dominant Drinfeld polynomials. Moreover, we will identify them by establishing a bijection from multisegments of each length n and total length r to n-tuples of dominant Drinfeld polynomials of total degree r.
It would be interesting to point out that research on further applications of the work is underway. For example, irreducible representations of affine q-Schur algebras at a complex root of 1 have been classified by Fu.
1 Also, Drinfeld polynomials associated with small representations L(λ) a of S △ (n, r) C (a ∈ C * ) have been computed in terms of row residue sequences of partition λ.
2
Some Notations. Let Z = Z[υ, υ −1 ] be the ring of integral Laurent polynomials, let Q(υ) be the fraction field of Z, and let C * = C\{0}. For integers N, t with t 0, let
We also write [m] q etc. to be the evaluation at q ∈ C.at the Southeastern Lie Theory Workshop, Charlottesville, June 1-4, 2011. I would like to thank the organizers for the opportunity of attending this special conference which marks the retirement of Professor Leonard Scott.
Leonard Scott was my postdoctoral advisor from 1988 to 1990, a crucial period in my life. Not only he taught me mathematics, but also his generosity, his great sense of humor, and his optimistic attitude towards life influenced me so much for so many years!
Part 1: The Structures
Let △ = △(n) denote the cyclic quiver with vertex set I = Z/nZ = {1, 2, . . . , n} and arrow set {i → i + 1 | i ∈ I}. Let F be a field. In the category of finite-dimensional nilpotent representations of △ over F, the (one-dimensional) simple objects are denoted by S i , i ∈ I, and indecomposable objects by S i [l], for all i ∈ I and l 1. We will use the following matrix notation to denote the isomorphism classes (or isoclasses) of nilpotent representations.
Thus, any A = (a i,j ) ∈ Θ △ (n) satisfies a i,j = a i+n,j+n for all i, j ∈ Z and each row has a finite sum. Let, for r 0
j∈Z a i,j and σ(λ) = λ 1 + · · · + λ n . Then, we may identify Λ △ (n, r) with the set Λ(n, r) of compositions of r into n parts. Note that taking sum of each row or column defines functions ro, co :
} is a complete set of isoclasses of nilpotent representations of △.
Double Ringel-Hall algebras and quantum loop algebras
. By a result of Ringel, there exist polynomials ϕ 
is the Euler form associated with the cyclic quiver △(n). If we write d(A) = (a i ) i∈I and d(B) = (b i ) i∈I , the dimension vectors of M (A) and M (B), respectively, then
The Z-subalgebra C △ (n) of H △ (n) generated by u [mSi] (i ∈ I and m 1) is called the composition algebra of △(n) (see [34] ).
(1) ( [34] ) The Q(υ)-algebra C △ (n) is isomorphic to the ±-part of the quantum enveloping algebra of sl n .
(2) ( [36] ) There are (algebraically independent) central elements c m , m 1,
can be defined geometrically in terms of invariant functions on a graded space ⊕ i∈I V i with d = (dim V i ) i under the conjugate action of i∈I GL(V i ). This gives rise to a geometric definition of Hall algebras and, hence, results in many other applications. For example, Lusztig used this to introduce the canonical bases for quantum enveloping algebras.
. By work of Green [21] and Xiao [40] , it is known that both H △ (n) 0 and H △ (n) 0 are Hopf algebras. Thus, one can build a larger Hopf algebra by using a so-called skew-Hopf pairing [26] .
By [40, Prop. 5.3] , the Q(υ)-bilinear form ψ :
With ψ, we define I to be the ideal of the free product
0 /I and the double Ringle-Hall algebra by
where J denotes the ideal generated by 1
* is not a root of unity, then a A (q) = 0. Thus, the Hopf pairing is well defined over C with respect to such q. So the double Ringel-Hall algebra D △,C (n) is defined over C.
The following result is built on the Hubery's explicit description [23, 24] of Schiffmann's central elements c i . Let (c i,j ) i,j be the Cartan matrix of affine type A. 3 In fact, it is enough to take a, b to be all semisimple generators u 
+ with relations (i, j ∈ I and s, t ∈ Z + ):
Moreover, the Hopf algebra structure is given by comultiplication ∆, counit ε, and antipode σ defined by
where i ∈ I and s ∈ Z + . Replacing Q(υ) by C and υ by a non-root of unity q, a similar result holds for
is the (extended) quantum affine sl n , which contains the subalgebra U( sl n ) generated by
The latter is the quantum enveloping algebra of the loop algebra of sl n .
Motivated from the universal enveloping algebra of a loop algebra, Drinfeld introduced the following quantum version in [13] .
and g i,t (1 i n, t ∈ Z\{0}) with the following relations:
where [x, y] a = xy − ayx, and φ ± i,s are defined by the generating functions in indeterminate u:
Here
(2) Let U C ( gl n ) be the quantum loop algebra defined by the same generators and relations (QLA1)-(QLA7) with Q(υ) replaced by C and υ by a non-root of unity q ∈ C.
Set, for each s 1,
The following result is a lifting of Beck's embedding [1] from quantum sl n into U( gl n ) and Hubery's embedding [24] of the extended Ringel-Hall algebras
There is a Hopf algebra isomorphism E :
This isomorphism is a key ingredient for the affine q-Schur algebra S △ (n, r) C to link representations of the quantum loop algebra U C ( gl n ) with those of the affine Hecke algebra H △ (r) C of type A. For this purpose, we adjust E to the Hopf algebra automorphism
Affine q-Schur algebras
We now construct algebra epimorphisms from D △ (n) to affine q-Schur algebras S △ (n, r) via the tensor spaces Ω ⊗r . Let Ω be the free Z-module with basis {ω i | i ∈ Z} and let Ω = Ω ⊗ Z Q(υ). For i ∈ I and t ∈ Z + , we define the actions of
It is direct to check that Ω becomes a left D △ (n)-module. Hence, the Hopf structure on D △ (n) induces a D △ (n)-module structure on Ω ⊗r . Thus, we obtain an algebra homomorphism
Like the quantum gl n case, the affine Hecke algebra H △ (r) over Q(υ) (see definition below) acts on Ω ⊗r and affine q-Schur algebras are the endomorphism algebras of this H △ (r)-module. We now describe this action.
Let S △,r be the affine symmetric group consisting of all permutations w : Z → Z such that w(i + r) = w(i) + r for i ∈ Z. There are several useful subgroups of S △,r .
The subgroup W of S △,r consisting of w ∈ S △,r with
i is the affine Weyl group of type A with generators s i (1 i r) defined by
The cyclic subgroup ρ of S △,r generated by the permutation ρ of Z sending j to j + 1, for all j, is in the complement of W . Observe that s j+1 ρ = ρs j , for all j ∈ Z and 1 j n with s r+1 = s 1 .
The subgroup A of S △,r consisting of permutations y of Z satisfying y(i) ≡ i(mod r) is isomorphic to Z r via the map y → λ = (λ 1 , λ 2 , . . . , λ r ) ∈ Z r , where y(i) = λ i r + i, for all 1 i r. Thus, A is identified with Z r . In particular, A is generated by e i = (0, . . . , 0, 1
Moreover, the subgroup of W generated by s 1 , . . . , s r−1 is isomorphic to the symmetric group S r . These groups are related by the following group isomorphisms:
The two isomorphisms give rise to two q-deformations of the group algebra of S △,r .
Following [25] , the affine Hecke algebra H △ (r) := H(S △,r ) over Z is defined to be the algebra generated by T si (1 i r), T ±1 ρ with the following relations:
This algebra has a Z-basis {T w } w∈S△,r , where
Let H(r) = H(S r ) denote the Hecke algebra over Z associated with the symmetric group S r . Then, H(r) is isomorphic to the subalgebra generated by T si (1 i r − 1).
The Hecke algebra H △ (r) admits also the so-called Bernstein presentation which consists of generators
and relations
,
Use the Bernstein presentation, Varagnolo-Vasserot defined an action of H △ (r) on the tensor space Ω ⊗r in [38, 8.2(8) 
where 1 k r − 1, 1 t r, and
Both algebras S △ (n, r) and S △ (n, r) are called affine quantum Schur (or q-Schur) algebras over Z and Q(υ), respectively.
Similar statements hold for D △,C (n) and H △ (r) C .
Like the q-Schur algebra case, by specializing υ 2 to a prime power q, the algebras S △ (n, r) C and H △ (r) C and the tensor space Ω ⊗r C have geometric descriptions in terms of varieties of filtrations of lattices or cyclic flags (see [20] , [29] , and [38] ), where multiplication is a convolution product. This multiplication induces an S △ (n, r) C -H △ (r) C -bimodule structure on Ω Similar to q-Schur algebras, there is a standard (or defining) basis {e A } A∈Θ△(n,r) (notation of [29, 1.9] ). For A ∈ Θ △ (n, r), let Following [2] , for A ∈ Θ ± △ (n) and j ∈ Z n △ , define A(j, r) ∈ S △ (n, r) by
where
(2)([14, Th. 4.2]) There are explicit multiplication formulas for the products
, then the following identities hold in S △ (n, r) for all 1 h n, r 0:
and
(By convention, if an off-diagonal entry of A is negative, then A(j) = 0.) By the triangular relation in Theorem 4.1(1), we can establish a "triangular decomposition" for S △ (n, r), which is the key to proving the surjectivity of the map ξ r in Proposition 3.1.
Then S △ (n, r) = S △ (n, r) + S △ (n, r) 0 S △ (n, r) − and the set
where λ(A) = (a i,i + j<i (a i,j + a j,i )) i ∈ Λ(n, r) and A ± is the upper/lower triangular part of A, forms a Z-basis for S △ (n, r). Moreover, the algebra homomorphisms
are surjective and, when n r and F is a field which is a Z-algebra, the homomorphism ξ
is an isomorphism.
Remark 4.3. The affine q-Schur algebra S △ (n, r) C can also be defined as the complexified Grothendieck group K G (Z) of G-equivariant coherent sheaves on the Steinberg variety Z, see [20, (9.4) ]. In [39, 2.4] , an epimorphism from U C ( gl n ) to K G (Z) is geometrically constructed.
Presenting affine q-Schur algebras S △ (n, r) for n r
Let U △ (n, r) := ξ r (U △ (n)) and Z △ (n, r) := ξ r (Z △ (n)), where Z △ (n) = Q(υ)[z Theorem 5.1. (1) Z △ (n, r) is a central subalgebra of S △ (n, r) and S △ (n, r) = U △ (n, r)Z △ (n, r).
r ] is a Laurent polynomial ring, and Z △ (n, r) ⊂ U △ (n, r) if and only if n > r.
(3)([8, Th. 5.1.1]) The algebra U △ (n, r) can be presented by generators e i , f i , k i (i ∈ I) and relations: for all i, j ∈ I, (QS1)
It seems to us that finding presentations for S △ (n, r) and n r is too complicated. We couldn't get the general case except the following n = r case.
Let ρ be the Q(υ)-linear isomorphism
Then, ρ = ξ r ( a∈N r ,σ(a)=r u + a ) = e ′ δ + e δ (i.e., the image of the sum of semisimple modules of dimension r) and
, and f δ = ξ r (u − δ ) with δ = (1, 1, . . . , 1) . Theorem 5.2. The Q(υ)-algebra S △ (r, r) is generated by e i , f i , k
(1 i r) and ρ ±1 subject to the relations (QS1)-(QS6) above together with (QS0
i ), where (with the notation of quantum divided powers)
In particular,
Note that (QS1 ′ )-(QS6 ′ ) may be derived from the multiplication formulas given in Theorem 4.1(2).
Some conjectures
We end this part with three conjectures. The first conjecture is a candidate of a Lusztig type integral Z-form for the quantum loop algebra U( gl n ).
With the isomorphism between D △ (n) and U( gl n ), we introduce the Z-
, and u ± a for all i ∈ I, m > 0, and sincere a = (a i ) ∈ N n (so all a i = 0). Here we used Hall algebra notation with u 
Conjecture 6.1. We conjecture that
This is equivalent to saying that D △ (n) is a subalgebra. Note that the restriction of ξ r to D △ (n) is a surjective map onto S △ (n, r).
There is a smaller integral form D △ (n) generated by K In [17, 7.2] , a so-called restricted integral form
is defined as the Z ′ -subalgebra generated by k
, and g i,t /[t], for all i ∈ I, m > 0, s ∈ Z, and t ∈ Z\{0}. However, it is not clear if U res Z ′ ( gl n ) is a Hopf subalgebra.
The second conjecture is natural from the following observation. When r approaches to ∞, the algebra epimorphism ξ r : D △ (n) → S △ (n, r) implies that "lim r→∞ S △ (n, r) = D △ (n)". Thus, quantum affine gl n can be realized as a limit of affine q-Schur algebras. In the non-affine case, this was established by BeilinsonLusztig-MacPherson [2] . In fact, they discovered a stabilization property and constructed an algebra K ( ∼ =U, the modified quantum gl n ), 'larger' than the direct sum of all q-Schur algebras, whose completion (or limit) contains U(gl n ) as a subalgebra. Thus, a new basis (called the BLM basis) for U(gl n ) was introduced and multiplication formulas between generators and arbitrary basis element were given. However, in the affine case, there is no stabilization property. So a modified approach was developed in [14] which we now describe below.
For A ∈ Θ ± △ (n) and j ∈ Z n △ , let
Clearly, A(j) = r 0 A(j, r) ∈ K △ (n) := r 0 S △ (n, r).
Let A △ (n) be the subspace of K △ (n) spanned by A(j) for all A ∈ Θ ± △ (n) and j ∈ Z n △ . Since the structure constants (with respect to the BLM basis) appeared in the multiplication formulas given in Theorem 4.1(2) are independent of r, taking limits of both sides gives similar formulas in A △ (n). Thus, one sees easily that
The conjecture has been established in the classical (υ = 1) case. In this case, explicit multiplication formulas for E The last conjecture is natural from the Schur-Weyl duality.
Conjecture 6.3. For n < r, the algebra homomorphisms
are surjective, where base change to an (infinite) field F is obtained by specializing υ to q ∈ F * .
If q is a prime power, then Pouchin [31, Th. 8.1] has proved that ξ ∨ r,C is surjective. Moreover, as proved in the non-affine case [15] , it would be interesting to know if the kernel of ξ ∨ r,F can be described in terms of Kazhdan-Lusztig basis elements.
Part 2: The Representations
As before, we assume that q ∈ C * is not a root of unity. Since S △ (n, r) and H △ (r) are defined over Z, we may define S △ (n, r) F and H △ (r) F by base change to any field or ring F. By presentations similar to the case over Q(υ), we may define the double Ringel-Hall algebras D △,C (n) and the quantum loop algebras U C ( gl n ) over C with respect to the parameter q; see 2.4 and 2.5. In this part, we investigate the relationship between representations of U C ( gl n ), S △ (n, r) C , and H △ (r) C .
A category equivalence
By Theorem 4.2, we have algebra epimorphism
and algebra isomorphism (2.2)
Hence, we obtain an algebra epimorphism
Like the non-affine case, if n r, then there is an idempotent e ω ∈ S △ (n, r) F such that H △ (r) F ∼ = e ω S △ (n, r) F e ω , where F is a commutative ring which is a Zalgebra.
The first part of the following result together with the epimorphism (7.1) shows that an affine q-Schur algebra links representations of the quantum loop algebra U C ( gl n ) with those of the Hecke algebra H △ (r) C .
For an algebra A, let A-mod denote that category of finite dimensional left A-modules. Theorem 7.1. Let F be a field and let q ∈ F * be a non-root of unity. (1) ([8, Th 4.1.3]) If n r, then there is a category equivalence
Note that part (2) is obtained by applying the first part to the fact that every simple H △ (r) F -module is finite dimensional.
By this theorem, we will determine in §8 and §11 simple S △ (n, r) C -modules through the classification of simple H △ (r) C -modules by Zelevinsky [42] and Rogawski [35] , as well as the classification of simple polynomial U C ( gl n )-modules by Frenkel-Mukhin [17] , which is built on Chari-Pressley [3, 5] .
Remark 7.2. For F = C, a direct category equivalence from H △ (r) C -mod to a full subcategory of U C ( gl n )-mod has been geometrically constructed in [19, Th. 6.8] when n r. The simple objects in the full subcategory are described in terms of intersection cohomology complexes.
8. Simple S △ (n, r) C -modules arising from simple H △ (r) C -modules
We first recall a classification of simple H △ (r) C -modules. Again, fix q ∈ C * such that q m = 1 for all m 1. A segment s with center a ∈ C * and length k is by definition an ordered sequence
Write |s| = k and consider the set of all multisegments of total length r:
r be the r-tuple obtained by juxtaposing the segments in s and let J s be the left ideal of H △ (r) C generated by X j −a j for 1 j r. Then M s = H △ (r) C /J s is a left H △ (r) Cmodule which as an H(r) C -module is isomorphic to the regular representation of H(r) C . Let λ = (|s 1 |, . . . , |s p |). Then, the element
where E ν is the left cell module defined by the Kazhdan-Lusztig's C-basis [27] associated with the left cell containing w 0,ν , the longest element of the Young subgroup S ν . Let V s be the unique composition factor of the H △ (r) C -module H △ (r) Cȳλ such that the multiplicity of E λ in V s as an H(r) C -module is nonzero.
We now can state the following classification theorem due to Zelevinsky [42] and Rogawski [35] . The construction above follows [35] .
= S r for all r n. We have the following classification theorem; see [8, 4.3 
r } is a complete set of nonisomorphic simple S △ (n, r) C -modules. Moreover, we have
In particular, if n r, then the set {Ω ⊗r C ⊗ H△(r) C V s | s ∈ S r } is a complete set of nonisomorphic simple S △ (n, r) C -modules.
Thus, by ξ ′ r,C in (7.1), every Ω ⊗r C ⊗ H△(r) C V s is a simple U C ( gl n )-module. These simple representations reflect a certain structure of the quantum loop algebra U C ( gl n ) hidden in the theory of so-called pseudo-highest weight representations [4, §12.2B].
Pseudo-highest weight representations
Recall Definition 2.5 and the generating function (2.1). For 1 j n − 1 and s ∈ Z, define the elements P j,s ∈ U C ( gl n ) through the generating functions
A comparison with (2.1) gives
.
For 1 i n and s ∈ Z, define the elements Q i,s ∈ U C ( gl n ) through the generating functions
Note that Q ± i (u) and P ± j (u) are related by
, for all 1 j n − 1.
Let V be a weight U C ( sl n )-module (resp., weight U C ( gl n )-module) of type 1. Then V = ⊕ µ∈Z n−1 V µ (resp., V = ⊕ λ∈Z n V λ ) where [4, 12.2.4 ], a nonzero weight vector w ∈ V is called a pseudo-highest weight vector, if there exist some P j,s ∈ C (resp. Q i,s ∈ C) such that x + j,s w = 0, P j,s w = P j,s w, (resp., x + j,s w = 0, Q i,s w = Q i,s w). for all s ∈ Z. The module V is called a pseudo-highest weight module if V = U C ( sl n )w (resp., V = U C ( gl n )w) for some pseudo-highest weight vector w.
Remark 9.1. There are integrable highest weight modules considered in [28, 6.2.3] and defined in [28, 3.5.6] which are different from pseudo-highest weight modules defined here. This is seen as follows.
Let U ± C be the subalgebra of U C ( gl n ) generated by x ± i,s for all i, s, and let U 0 C be the subalgebra of U C ( gl n ) generated by all k [17, Lem 7.4 ]. If we identify the new realization of U C ( gl n ) with the double Hall algebra D △,C (n) under the isomorphism β C given in (2.2), then
If w 0 is pseudo-highest weight vector, then U w 0 = U − C w 0 . Now E n w 0 is not necessarily zero as E n ∈ U − C k n (while F n w 0 = 0). However, a highest weight vector w 0 always satisfies E n w 0 = 0.
Since all Q i,s commute with the k j , each V λ is a direct sum of generalized eigenspaces of the form
A finite dimensional weight U C ( gl n )-module V (of type 1) is called a polynomial representation if, for every weight λ = (λ 1 , . . . , λ n ) ∈ Z n of V , the formal power series Γ ± i (u) are polynomials in u ± of degree λ i so that the zeroes of the functions Γ + i (u) and Γ − i (u) are the same. Following [17] , an n-tuple of polynomials Q = (Q 1 (u), . . . , Q n (u)) with constant terms 1 is called dominant if, for 1 i n − 1, the ratios
by the following formula
Here f
Let I(Q) be the left ideal of U C ( gl n ) generated by x + j,s , Q i,s − Q i,s , and k i − q λi , for all 1 j n − 1, 1 i n and s ∈ Z, where λ i = degQ i (u), and define Verma type module
Then M (Q) has a unique simple quotient, denoted by L(Q). The polynomials Q i (u) are called Drinfeld polynomials associated with L(Q).
Similarly, for an (n−1)-tuples P = (P 1 (u), . . . , P n−1 (u)) ∈ P(n) of polynomials with constant terms 1, define P j,s ∈ C (1 j n − 1, s ∈ Z) as in P ± j (u) = s 0 P j,±s u ±s and let µ j = degP j (u). Replacing U C ( gl n ), Q i,s − Q i,s , and k i − q λi by U C ( sl n ), P i,s − P i,s , and k i − q µi , respectively, in the above construction defines a simple U C ( sl n )-moduleL(P). The polynomials P i (u) are called Drinfeld polynomials associated withL(P).
Theorem 9.2. (1)( [3, 4] ) Let P(n) be the set of (n − 1)-tuples of polynomials with constant terms 1. The modulesL(P) with P ∈ P(n) are all nonisomorphic finite dimensional simple U C ( sl n )-modules of type 1.
where P = (P 1 (u), . . . , P n−1 (u)) with
We now use affine q-Schur algebras S △ (n, r) C to link these simple pseudohighest weight U C ( gl n )-modules with the simple U C ( gl n )-modules arising from simple H △ (r) C -modules as given in Theorem 8.2.
Some Identification Theorems
By (7.1), every simple S △ (n, r) C -module of form Ω ⊗r C ⊗ H△(r) C V s given in Theorem 8.2 is a simple U C ( gl n )-module. We now identify them as simple pseudo-highest weight U C ( gl n )-modules under the assumption n > r and compute the associated Drinfeld polynomials Q s .
Recall that Q(n) is the set of dominant n-tuples of polynomials. For r 1, let
Let n > r. For s = {s 1 , . . . , s p } ∈ S r , write
and define Q s = (Q 1 (u), . . . , Q n (u)) by setting Q n (u) = 1 and, for 1 i n − 1,
then λ = (λ 1 , . . . , λ n−1 , λ n ) is a partition of r and dual to (ν 1 , . . . , ν p ), and λ i − λ i+1 = µ i for all 1 i < n. Note that, if s ∈ S (n ′ ) r (see (8.2) ), where n ′ < n, then P n ′ +1 (u) = · · · = P n−1 (u) = 1. Thus, Q n ′ +1 (u) = · · · = Q n (u) = 1. Thus, if n r, we also define
by dropping the 1's. We have the following identification theorem. (1) The map s → Q s defines a bijection from S r to Q(n) r .
(2) There are
for all s ∈ S r . Hence, the set {L(Q) | Q ∈ Q(n) r } forms a complete set of nonisomorphic simple S △ (n, r) C -modules.
The condition n > r simply means S △ (n, r) C is a homomorphic image of quantum affine sl n . Thus, we may directly use the result [6, 7.6] together with a computation of the action of central elements to get the result. When n r, different argument is required; see remarks after Theorem 11.4. We first look at two examples which will be used to establish this result in next section. (1−au, 1, . . . , 1) , then the theorem above implies that Ω C (a) ∼ = L(Q).
(2) For 1 i n − 1, define Q i,a ∈ Q(n) by setting Q n (u) = 1 and
for 1 j n − 1. In other words,
Since n > i, by Theorem 10.1, the simple
We end this section with another identification for the 1-dimensional determinant representation of the affine q-Schur algebra S △ (n, n) C .
For any a ∈ C * , let s = (a, aq 2 , . . . , aq 2(n−1) ) which is regarded as a single segment, and let Det a := Ω ⊗n C ⊗ H△(n) C V s . Then, Det a is the submodule of M s generated by y (n) and is a simple S △ (n, n) Cmodule.
Proposition 10.3 ([8, 4.6.5]). The simple S △ (n, n) C -module Det a has dimension 1 and
Moreover, as a U C ( gl n )-module, Det a ∼ = L(Q), where Q = (Q 1 (u), . . . , Q n (u)) ∈ Q(n) with Q i (u) = 1 − aq 2(n−i) u for all i = 1, 2, . . . , n.
11. A second classification of simple S △ (n, r) C -modules By Example 10.2(1) together with the fact that V s is a homomorphic image of some M s , one can easily prove the following.
Lemma 11.1 ([8, 4.6.2]). Let V be a finite dimensional simple U C ( gl n )-module. Then the following conditions are equivalent:
(1) The U C ( gl n )-module structure on V is inflated from an S △ (n, r) C -module by the map ξ ′ r,C in (7.1); (2) V is a quotient module of the U C ( gl n )-module Ω C (a 1 ) ⊗ C · · · ⊗ C Ω C (a r ) for some a ∈ (C * ) r ; (3) V is a quotient module of Ω ⊗r C ; (4) V is a subquotient module of Ω ⊗r C .
Thus, if V is a simple S △ (n, r) C -module, then V is finite dimensional by Theorem 7.1 (2) . Hence, V is a quotient module of Ω C (a 1 )⊗ C · · ·⊗ C Ω C (a r ) for some a ∈ (C * ) r , by the lemma above. Since Ω C (a) is a polynomial representation of U C ( gl n ), by [17, 4.3] , the tensor product Ω C (a 1 ) ⊗ C · · · ⊗ C Ω C (a r ) is a polynomial representation of U C ( gl n ). Hence, V is also a polynomial representation of U C ( gl n ). We have proved the following.
Proposition 11.2 ([8, 4.6.4] ). Every simple S △ (n, r) C -module is a polynomial representation of U C ( gl n ).
We now use Example 10.2(2) to show that every L(Q) with Q ∈ Q(n) r is isomorphic to the inflation of a simple S △ (n, r) C -module via (7.1).
Let λ = (λ 1 , . . . , λ n ) with λ j = deg(Q j (u)) and let
, 1 i n − 1.
Write Q n (u) = (1 − b 1 u) · · · (1 − b λn u) and
(1 − a i,j u),
where L i = L i,ai,1 ⊗ · · · ⊗ L i,ai,µ i for 1 i n − 1 with L i,ai,j being an S △ (n, i) Cmodule as defined in Example 10.2(2), and Det a := Ω ⊗n C ⊗ H△(n) C V s , with s = (a, aq 2 , . . . , aq 2(n−1) ) is the 1-dimensional determinant representation of S △ (n, n) C (Proposition 10.3). Thus, V is a module for the algebra A = S △ (n, 1) ⊗µ1 ⊗ · · · ⊗ S △ (n, n − 1) ⊗µn−1 ⊗ S △ (n, n) ⊗λn .
Since 1 i n−1 iµ i + nλ n = 1 i n λ i = r, S △ (n, r) C is a subalgebra of A. Hence, restriction gives an S △ (n, r) C -module structure on V . Let w i,a i,k (resp. v j ) be a pseudo-highest weight vector of L i,a i,k (resp., Det bj ), and let w 0 = w 1 ⊗ w 2 ⊗ · · · ⊗ w n−1 , where w i = w i,ai,1 ⊗ w i,ai,2 ⊗ · · · ⊗ w i,ai,µ i , and v 0 = v 1 ⊗ · · · ⊗ v n . Since w i,a i,k has weight (1 i , 0 n−i ) and Let W = S △ (n, r) C (w 0 ⊗ v 0 ) = U C ( gl n )(w 0 ⊗ v 0 ) be the submodule of V generated by w 0 ⊗ v 0 . Then W is a pseudo-highest weight module whose pseudo-highest weight vector is a common eigenvector of k i and Q i,s with eigenvalues z λi and Q i,s , respectively, where Q i,s are the coefficients of Q 11.3 ([8, 4.6.7] ). Every L(Q) (Q ∈ Q(n) r ) is isomorphic to an inflation of a simple S △ (n, r) C -module by the map ξ ′ r,C . Combining the two propositions above yields the following classification theorem.
Theorem 11.4 ([8, 4.6.8] ). For any n, r 1, the set L(Q) | Q ∈ Q(n) r is a complete set of nonisomorphic simple S △ (n, r) C -modules.
It would be interesting to point out that the identification in the n r case (see Theorem 10.1 for the n > r case) has recently been obtained by Deng-Du (see [18] for a different proof). Thus, with the notation given in (10.1), we have U C ( gl n )-module isomorphisms Ω ⊗r C ⊗ H△(r) C V s ∼ = L(Q s ) for all s ∈ S (n) r . In particular, this gives a bijection from S (n) r to Q(n) r in this case.
